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SPATIAL SHAPE ANALYSIS OF CELL NUCLEI*

YE JIN CHOI', SEBASTIAN KURTEK', AND KARTHIK BHARATH?

Abstract. In a histopathology image, to assess if the shapes of tumor cell nuclei influence
tumor infiltration in surrounding tissues it is important to first quantify and visualize variability
in the shape of cell nuclei whilst accounting for their spatial correlations. To avoid loss of shape
information when using summaries, we represent the nucleus boundary as a planar curve, and develop
a geometric framework to compute local spatially-informed summaries of shapes of planar curves.
The framework is based on the definition of a novel shape trace-variogram that captures dependence
between shapes of curves. The variogram is used to compute a local spatially-weighted shape average
and covariance, using which, shape variation is quantified via principal component analysis applied
to the weighted covariance operator. Primary directions of spatial shape variation are subsequently
visualized as vector fields (and their pointwise magnitudes) on the spatially-weighted average shape.
Our approach serves as a practical exploratory tool for clinicians who routinely assess morphological
and spatial heterogeneity of cell nuclei, and also represents the first step toward probabilistic modeling
of spatially varying cell shapes. We demonstrate utility of the framework on synthetic data, and on
data pertaining to cell nuclei from whole slide images of breast cancer tissues.

Relevance to Life Sciences. Pathologists routinely examine tumor regions in histopathology
images to assess severity and progression of cancer. Nuclear shape heterogeneity plays a key role in
this process and provides valuable information that guides clinical treatment decisions. To aid in
such assessments, there is need for tools that enable statistical quantification, summarization and
visualization of cell nucleus shape variation. While such tools exist for independent shape data, they
are not applicable in the current context due to the inherent spatial correlation among cell nuclei.
Thus, we define local spatially-informed shape summaries which, when computed based on cell nuclei
within histopathology image regions, reveal their shape heterogeneity. The proposed framework is
applied to whole slide images of breast cancer tissues.

Mathematical Content. Cell nucleus boundaries are represented using planar closed curves. Their
shape is a property that is unaffected by translation, rescaling, rotation and reparameterization. To
ensure that our framework is invariant to all shape-preserving transformations, we build on the
Riemannian geometric elastic shape analysis framework. We first define a shape trace-variogram,
which models spatial dependence among the shapes of planar curves. The trace-variogram is then
used to define a spatially-weighted shape average and covariance, which enable exploration of shape
variability in a local spatial region. Finally, we provide algorithms for estimation of the proposed
spatially-informed summaries.

Key words. Shape Trace-variogram; Weighted Shape Average; Weighted Covariance and Prin-
cipal Component Analysis

MSC codes. 62H11, 62R30, 62R10

1. Introduction. Statistical shape analysis tools have become indispensable in
many scientific domains, including medical imaging [3,6,28] and biology (morphomet-
rics) [19,21]. In these fields, researchers are often interested in understanding how
the geometry or shape of structures observed in images vary across space, usually
defined as (a subset of) the image domain, under different conditions. For exam-
ple, in medical applications, the shape of organs or cells along with their spatial
configurations can provide crucial information about physiological conditions, disease
progression and treatment outcomes [12,22,23]. Pathologists have long relied on
nuclear shape abnormalities to distinguish benign from malignant cells [7], demon-
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Fic. 1. Local spatially-informed summarization of cell nucleus shapes in a histopathology image.

strating the critical role of shape in characterizing cell states. In a tumor, these cells
interact with stromal (supportive) cells and other components to form the tumor
microenvironment (TME) [8,13]. The TME exhibits a distinct structure featuring
spatial patterns that can guide cancer grading and predict treatment outcomes. For
instance, [9] showed that the location of immune cells in colorectal cancer is a key
prognostic factor, while [25] discovered a correlation between the local spatial struc-
ture of tumor-infiltrating lymphocytes (TILs) and overall survival. These findings
suggest that both, shape variation among cells and the spatial arrangement of TME
components, hold valuable information for cancer research. Thus, there is a clear need
for specialized methods capable of capturing spatially correlated shape data.

Many studies integrate cell-level morphological features with spatial information
to characterize tumors. Some are based on nuclear shape/texture descriptors, e.g.,
size, irregularity or fractal features, combined with spatial measures like cell—cell dis-
tances to predict recurrence or treatment response [2,15,31]. [14] combined single-cell
morphological features, e.g., area and eccentricity, with spatial interaction networks
to identify multicellular communities predictive of breast cancer recurrence and sur-
vival. [33] classified individual nuclei into cancer, stromal and immune cell types based
on morphology, and quantified their spatial distribution using Ripley’s K-function, re-
vealing prognostic patterns of stromal organization. However, all of these methods
represent shapes using scalar summaries, which do not capture their full geometric
structure.

When boundaries of objects observed in two-dimensional images are represented
as parameterized curves, i.e., functions of the form 3 : D — R? (D is the parameteri-
zation domain of (), their shape is a physical property that remains unchanged under
translation, rescaling, rotation and reparameterization. Statistical shape analysis is
then concerned with various tasks including (i) quantification of shape differences
via a distance, (ii) statistical summarization, i.e., computation of a representative
(sample average) shape and exploration of shape variability via principal component
analysis (PCA), and (iv) shape modeling and inference. While shape analysis ap-
proaches for independent shape data are well-established, see e.g., [18,26], methods
which are appropriate for shapes that exhibit spatial dependence are scarce. Thus, we
define a statistical framework for local summarization of spatially dependent shape
data. The framework is accompanied by visualization tools, which enable easy inter-
pretability. To model spatial dependence among shapes, we extend the concept of the
trace-variogram, which has been effectively used for kriging and hierarchical cluster-
ing of spatial functional data [10,11]. In essence, the proposed shape trace-variogram
encodes the dependence of shape variation on spatial distance. It allows efficient esti-
mation of weights for each observed shape that are used to define spatially-informed

This manuscript is for review purposes only.



84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110

112
113
114
115
116
117
118
119
120

122
123
124
125
126
127
128
129
130
131
132
133

SPATIAL SHAPE ANALYSIS OF CELL NUCLEI 3

shape summaries.

We provide an illustration of our approach in Figure 1. We start with a high-
resolution histopathology image and focus on a region of interest (ROI, red square)
inside a tumor area (black outline). We extract cell nucleus outlines and divide the
ROI into equally sized, disjoint subregions. We then summarize shape variation of
cell nuclei, while incorporating their spatial correlation, within each subregion. We
compute a spatially-weighted shape average, based on a linear estimator that incor-
porates weights estimated from the shape trace-variogram. We further quantify local
shape variation by performing PCA, using a spatially-weighted covariance matrix,
on the tangent space at this average shape. Summarization results are displayed as
PC vector fields, and their pointwise magnitudes, on the spatially-weighted mean
shape. Our techniques build on elastic shape representations and metrics, wherein
parameterization variability is removed via registration [20,26,27,32].

We demonstrate the effectiveness of spatially-informed summarization using syn-
thetic and real data examples. In the synthetic study, we generate spatially correlated
planar shapes, and show that the spatially-weighted average shape and associated
principal modes of variation are effective at summarizing the data. In the real data
application, we analyze cell nucleus outlines extracted from histopathology images of
breast cancer [1,30], which are known to exhibit complex morphological and spatial
variability [12]. These nuclear shapes, along with their spatial distribution, can offer
insights into how cells interact under various disease conditions. Our results indicate
that local spatially-informed summaries can uncover morphological differences across
tissue regions, which may be overlooked by global summaries that do not consider
spatial dependence. As such, we demonstrate the potential of the developed tools for
broader biomedical investigations.

Our contributions are as follows.

1. We define a shape trace-variogram to model spatial dependence between the shapes
of curves, a property that is invariant to translation, rescaling, rotation and repa-
rameterization. The proposed variogram thus represents a novel extension of the
functional trace-variograms proposed in [10,11].

2. We use the shape trace-variogram to define a spatially-weighted shape average and
covariance that can be used to explore shape variation in a local spatial region.
The weights ensure that shapes close to a given spatial location have a stronger
impact on the computed summaries.

3. We introduce concise, yet effective, visualizations of the spatially-informed sum-
maries that aid in assessment of shape heterogeneity.

4. We apply our approach to histopathology images of breast cancer, resulting in
meaningful summaries that effectively capture spatial shape heterogeneity of cell
nuclei.

The rest of this article is organized as follows. Section 2 reviews summarization
tools from elastic shape analysis under the assumption of independence. Section 3
introduces the shape trace-variogram and describes its use in the definition and com-
putation of (i) a spatially-weighted shape average, and (ii) spatially-weighted covari-
ance. It additionally outlines how the proposed summaries are visualized. Section 4
presents simulation results, while Section 5 describes an application to histopathology
images of breast cancer. We close with a brief discussion in Section 6. The supple-
ment includes (i) illustrations of the elastic shape analysis framework (Section 1), (ii)
a proof of Proposition 3.1, which is related to the estimation of spatial weights via the
shape trace-variogram (Section 2), (iii) empirical convergence analysis for Algorithm
3.1 (Section 3), (iv) additional simulation results and sensitivity analysis (Section 4),
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4 Y.J. CHOI, S. KURTEK, AND K. BHARATH

and (v) additional real data results (Section 5).

2. Elastic Shape Analysis. We provide an overview of the elastic shape analy-
sis framework; more details can be found in [26,27]. Our particular focus is on the
case of planar closed curves, i.e., curves without a natural start/end point, as this is
the most pertinent case when analyzing cell nucleus shapes in histopathology images.
Tllustrations of the framework are given in Section 1 in the supplement. Throughout
this section, we use | - | and (-, -) to denote the Euclidean norm and inner product in
R? and ||-|| and ({-,-)) to denote the norm and inner product on L?(S!, R?), hereafter
denoted as L2, where S! is the unit circle on the plane.

2.1. Representation, Pre-shape Space and Distance. Let B = {3 :S! —
R? | 3 is absolutely continuous} denote the space of planar closed curves. As briefly
discussed in Section 1, the shape of § is unchanged under translation, rescaling,
rotation and reparameterization. Thus, we seek a metric structure on B that is
invariant to these shape-preserving transformations. The reparameterization group
I' = {y:S! — S!| v is orientation-preserving diffeomorphism} acts on B via compo-
sition: (8,7) = Bo~. It is easy to see that the usual L? distance between two curves
B1, P2 € B is not invariant to the reparameterization action: |81 0y — B2 0| #
|31 — Ba]| for all v € T except ;4(t) = t. This, in turn, means that the IL.? distance on
B is not suitable for parameterization-invariant comparison and modeling of shape.

To overcome the aforementioned challenge, we equip B with an elastic Riemann-
ian metric [20]. Let ﬁ be the coordinatewise derivative of 3, which exists almost
everywhere on S; set () = 0 on the set of all t € S! where it is not defined point-
wise. Outside of this set assume |3] # 0. Then, p = |ﬁ| and 0 = BlA)~! denote
the speed and angle functions, which fully characterize 8 since § = pf#. Thus, this
defines a bijective map (up to a translation) from B to the product space P x O,
where P = {p:S' - R;} and © = {# : S — S'}. Letting (dp1,d61) and (5p2, 662)
denote two vectors in the tangent space at (p, ), T(; 9)(P x ©), the family of elastic
Riemannian metrics is defined as
(2.1)

(({(dp1,66h), (Op2,602)))) (p,0) = CL/S1 5p1(t)5p2(t)idt +0b [ (561(t),002(¢))p(t)dt,

p(t) st
where a, b > 0. Note that the first term measures variations in the speed function
while the second term measures variations in the angle function. The constants a and
b provide relative weights for the two terms. An important property of this metric is
that it is preserved when two curves are reparameterized in the same way; this is true
for any choice of a and b. However, the resulting Riemannian distance does not have
a closed-form expression and is difficult to compute.

To simplify the metric structure and retain the desirable property of invariance
to reparameterization, we employ the square-root velocity function (SRVF) [27]. The
SRVF of a curve 3 € B is defined via the mapping Q : B — L? as

1B #0
(22) i=q) = v 70
0, |B] = 0 or 3 is not defined.

A key consequence of this transformation is that the elastic Riemannian metric on
B, with a = 1/4 and b = 1, simplifies to the L? metric on the space of SRVFs [27].
The SRVF of a closed curve j satisfies the following constraint: [, q(t)|q(t)|dt = 0.
Finally, the inverse mapping, @', can be computed (up to a translation) using
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SPATIAL SHAPE ANALYSIS OF CELL NUCLEI 5

fo u)|du, where the domain S has been unwrapped to the interval [0, 27]; note
that thls inverse mapping subsumes projection of the SRVF ¢ into the space of closed
curves using Algorithm 18 in [26, Ch. 6] to ensure that the aforementioned closure
condition is satisfied.

We now return to the problem of removing nuisance variation from the representa-
tion space. Translation is automatically removed under the SRVF since its definition
only involves the derivative of 3. To remove scale, we normalize all curves to have unit
length, resulting in SRVFs with unit L? norm: L(8) = [, [B(¢)|dt = [ |q(t)|*dt =
llgl> = 1. This leads to the pre-shape space for planar closed curves, defined as
C={qel?|llql =1, [s q(t)lg(t)|dt = 0}, which is a subset of the Hilbert sphere.
The space C is endowed with the ambient L2 metric, resulting in the extrinsic pre-
shape distance dc(q1,g2) = ||g1 — q2|| between q1, g2 € C2. Removal of rotation and
parameterization variability cannot be achieved via normalization. Instead, we use
the notion of equivalence classes as a formal definition of shape.

2.2. Registration, Shape Space and Distance. Let O € SO(2) = {R €
R2%2 | RRT = RTR = I, det(R) = 1} represent a rotation matrix. The rotation of
a curve 8 € B by O € SO(2) is given by OS. The corresponding transformation of
the SRVF of 8, Q(8) = g, is the same, i.e., Og. The reparameterization of g via =,
(8,7) = Bon, results in the following transformation of its SRVF: (q,7v) = (g0 v)v7-
It is now easy to verify that the distance d¢ is preserved if two curves 51, 2 € B
are reparameterized using the same v € I' and rotated using the same O € SO(2)

(1 =Q(B1), g2 =Q(B2)):
(2.3) 10(q1,7) — Olgz, )|l = llar — a2

To account for rotation and parameterization variation, we define equivalence classes
of the form [¢] := {O(q,7) | O € SO(2), v € I'}, which serve as the definition of shape.
In other words, all possible rotations and reparameterizations of a curve are unified
via an equivalence class, which uniquely represents the shape of that curve. This leads
to the definition of the shape space as the quotient space S = C/(SO(2) xI') = {[q]}.
The extrinsic shape distance on S is defined via the distance d¢ as (for [¢1], [¢2] € S)

24) ds(al.le) = it - 0@ ).

To compute this distance, we have to determine an optimal rotation O and an optimal
reparameterization 4 of ¢o with respect to ¢;. Optimization over SO(2) is performed
via Procrustes analysis [16]. Optimization over I is split into (i) an exhaustive search
over starting points on S, and (ii) Dynamic Programming given each starting point
[24]. The joint optimization over SO(2) x I is referred to as elastic registration, with
O(ﬁg o %) being optimally registered to 1, and ensures that shape comparisons are
natural, i.e., they preserve geometric features of the shapes being compared.

2.3. Shape Summaries Under Independence. Let 3q,...,03, € B denote a
sample of independent planar closed curves with SRVFs ¢1, ..., g, € C. Their extrinsic

2Under the SRVF, a specific instance of the elastic Riemannian metric simplifies to the L2 metric.
When restricted to the pre-shape space of closed curves, C, the resulting intrinsic distance does not
have a closed-form expression [27]. However, throughout this manuscript, we employ the eztrinsic
distance d¢, which does have a closed-form expression and results in simplified computation.
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6 Y.J. CHOI, S. KURTEK, AND K. BHARATH

Algorithm 2.1 Extrinsic Karcher Mean Shape

1: Input: ¢1,...,¢qn-

2: Output: fig; O1(q1,%1), - -, On(

3: Initialize k = 1, € > 0 (small), § > 0, [Lgl), 129 > 0 (large).

4: while |[2*7D|| > ¢ do

5. Register each ¢; to ﬂ,(lk) using (2.4) to obtain Ofk)(qi,’yi(k)).

6:  Compute deviation vector from ﬂgk) for each OAz(k) (g, %(k)): z; = OAgk)(qi, ’yi(k)) —
i)

7. Compute average direction: z(¥) = % 2?21 2.

8:  Update: ;15,“1) — ;15,’” +6z(F),

o (k+1)

. (k41 I3

9:  Normalize: ,ué +1) “A‘ZkH)H.
Hq

10:  Project ﬂgkﬂ) using Algorithm 18 in [26, Ch. 6] to ensure that closure condition

is satisfied.
11:  Set k< k+1.
12: end while
13: Register each ¢; to ji, using (2.4) to obtain OAi(qi,’yi).

sample Karcher mean shape, [fi,], is defined as a minimizer of

(25) §3 la) = > ds(lal.la)*.

In practice, we select a single element fi, € [fi,] as a representative for further analy-
ses. The mean can be visualized after inversion, jig = Q*(fi;). The procedure for
computing the extrinsic Karcher mean shape is presented as Algorithm 2.1.

To explore variation in a sample of shapes, we compute the covariance ma-
trix in the tangent space T}, (S) as follows. With respect to the extrinsic spheri-
cal metric on C, we first project the registered curves (shape representatives) ¢; =
(A)l(ql,‘yl),...,q;i = On(qn,%) to T, (S) using the inverse-exponential map [26,
Ch. 3]: v; := exp;ql(q;‘) = Osin(0)~! (¢ — cos()jiy), where 8 = cos™ (({fig, q})))-
While theoretically shape is an infinite-dimensional object, at the implementation
stage, it is approximated using a finite number of points T". Thus, each v; is a matrix
of size 2 x T. We further reshape v; to a vector of size 27 resulting in v} € R*T. The
sample shape covariance matrix is then given by

n

A 1
(2.6) K= > wiorT e RPTAT

e’

i=1

To perform PCA, we apply singular value decomposition (SVD) to the sample covari-
ance matrix to obtain K = USU . The columns of U contain the principal directions
of shape variation; the diagonal elements of ¥ are the variances along each direction
(ordered from largest to smallest). The total sample shape variance can be computed
using the trace of 3.

To visualize shape variation along the kth principal direction, we compute a dis-
placement, in units of standard deviation, from the mean shape on the tangent space

and map it back to the shape space via the exponential map, q,lf = exp;, (l\/Zkk Uk),

This manuscript is for review purposes only.
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SPATIAL SHAPE ANALYSIS OF CELL NUCLEI 7

where [ controls the size of the displacement, ¥ is the kth diagonal element of X,
and Uy is the kth column of U reshaped to a matrix of size 2 x T'. For v € Ty (S),
the exponential map is given by exp;, (v) = cos (|[v[|) fiq +sin (||v]]) v|jv|| 7! 26, Ch. 3].
As before, the principal directions of shape variation can be visualized after inversion,

B =QY(q}).

3. Spatially-informed Shape Summaries. While the elastic shape analysis
framework described in Section 2 is effective in summarizing independent shape data,
as illustrated in Section 1 in the supplement, it does not account for potential de-
pendence among observed shapes. Depending on the specific application of interest,
shape dependence may arise in many different ways. However, in the current work,
we focus on spatial dependence among cell nucleus shapes in histopathology images.
Thus, we introduce a new framework, with elastic shape analysis serving as a building
block, that leverages local spatial dependence for shape summarization.

Let X C R? denote the spatial domain; our focus here is on two-dimensional
histopathology images, but the concepts presented in this section can be extended
to higher-dimensional (and irregular) spatial domains. In spatial statistics, the vari-
ogram [5] is a core tool for summarizing dependence among spatially-indexed objects.
In particular, [10] proposed the trace-variogram for functional data. Under the as-
sumption that the functional random field {fs, s € X} with values in L?([a, b], R) is
second-order stationary and isotropic?, the trace-variogram is defined as

(3.1) Vi(h) == %E[Hfs — fsﬂ,

where h = |s — s/| denotes the Euclidean distance between spatial locations s and s’.
In this definition, each spatially indexed function fs is univariate with domain given
by the interval [a,b]. The trace-variogram V; is a function of the spatial distance h,
and captures variation among the functional random field at different distance lags
via the L? distance. Then, given a realization of the random field {f,,, s; € X}

(i=1,...,n) at n locations, one can compute the empirical trace-variogram using
(32) Vp(h) = g S M AP
. f 2|N(h)| N S; Sj ’
4,jEN(h)

where N (h) = {(si,5;) | |si—s;| = h} is a spatial neighborhood. For irregularly spaced
functional data, N(h) is often modified to N(h) = {(s;,s;) | |si—s;j| € (h—¢,h+e€)}.

If there exists spatial dependence among the functions {fs,}, the values of the
empirical trace-variogram will be smaller at shorter spatial distance lags. This is due
to the fact that functions that are located close to each other in the spatial domain
X will exhibit less variation than those located far away from each other. The trace-
variogram allows estimation of spatial weights for the sample {f,}, which can be
subsequently used for prediction at a particular location and hierarchical clustering
of spatial functional data. The definition of the trace-variogram was extended to the
case of spatial functional data with phase variation in [11]. In this work, we define
a shape trace-variogram to construct local shape summaries: (i) a spatially-weighted
shape average, and (ii) a spatially-weighted covariance matrix for PCA.

3Recall that a second-order stationary and isotropic random field has a constant mean, finite

variance, and covariance that only depends on the spatial distance between observations.
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8 Y.J. CHOI, S. KURTEK, AND K. BHARATH

3.1. Shape Trace-variogram and its Estimation. We begin with a spatial
random field of planar closed curves, {85, s € X} with values in B, which is trans-
formed to a spatial random field of SRVFs, {gs, s € X} with values in C C L2. In
most applications, for example those involving cell nucleus shapes in histopathology
images, assuming that the field {¢s, s € X} is second-order stationary with constant
mean shape is inappropriate. As such, the spatially-weighted average shape we wish
to estimate is the shape of the value g5, = go of the SRVF random field at a fized,
known location sq € X; for all results presented in Sections 4 and 5 we choose sy to
be the center of the spatial domain X. The estimate will be a local spatially-weighted
average of the shapes of observed values of {¢g;, s € X} in a neighborhood of sg, and
is referred to within the spatial statistics literature as a kriging predictor at sq.

The shape of the random field {¢s, s € X} is encoded within the random field
{[gs], s € X} of equivalence classes. This object is difficult to work with in practice:
probability distributions on the shape space & may behave in non-standard ways
due to the infinite-dimensionality of the equivalence class [¢s] for each s € X and
that of the non-compact reparameterization group I'. To avoid such difficulties, we
instead work with the transformed field {O4(¢s,7s) € [gs], s € X} that represents,
for each s € X, the registration of the field {gs, s € X} to a preferred element
Oso(@sg+Yse) = Oo(qo, v0) of the shape [go], where {Os, s € X} and {vs, s € X} are,
respectively, random fields with values in SO(2) and T satisfying

(Os,7s) = arginf  [|O(gs,7) — Oo(q0,70)[?, s € X.
(07)eSO(2)xT

Abusing terminology, we refer to {Os(gs,vs) € [gs], s € X}, consisting of shape rep-
resentatives for {qs, s € X}, as the shape random field*, which implicitly depends
on the representative Og(qo,70) of the shape [go] at location sg. At a different loca-
tion, 39, we obtain a different shape SRVF random field defined for the purpose of
estimating a different spatially-weighted average shape Ogz,(gs,, Vs, )-

As done for the functional random field in [10], we assume that the shape random
field is second-order stationary and isotropic, and accordingly define the shape trace-
variogram

1
(33> Vs (h) = §E HOs(qs778) - Os’(qs’a’)/s')”Q )
where h = |s — §/|. Tt is important to note that the definition of the shape trace-

variogram Vjj, is novel and can be viewed as a modification of the functional trace-
variogram in (3.1) that incorporates registration: the presence of shape-preserving
nuisance variation in {gs, s € X} is handled via the random fields {O;, s € X}
and {7s, s € X}, which determine the shape random field via the registration of
{gs, s € X} to the target Og(qo,v0). Thus, importantly, the definition of the shape
trace-variogram implicitly depends on the chosen spatial location, sg, through the esti-
mation target Og(qo,v0)- As such, one can define a family of shape trace-variograms
by varying the location sy resulting in different shape random fields and spatially-
weighted average shapes.

Similarly to the functional trace-variogram, the shape trace-variogram captures
variation among the shape random field at different spatial distance lags. Evidently,

4Note that the original random field {¢s} and the shape random field {Os(gs,vs)} are both

random fields of SRVFs. Their difference lies in the fact that the latter depends on the registration
of {gs} to Oo(qo,70), and models the variation in {gs} relative to the spatially-weighted average
Oo(g0,70)-

This manuscript is for review purposes only.
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SPATIAL SHAPE ANALYSIS OF CELL NUCLEI 9

the shape trace-variogram is invariant to simultaneous rotation and reparameteriza-
tion of {¢s, s € X} using any (O,~) € SO(2) x I, which is a direct consequence of
the isometry property verified in (2.3): it captures pure spatial shape variation.

We now define an empirical version of the shape trace-variogram, needed to
compute an estimator, §p, of the spatially-weighted shape average Oo(qo,70). Let
{qs;» si € X} denote an observed sample of n curves represented by their SRVFs.
The definition requires the estimator ¢, which will be defined in the sequel. To sim-
plify notation, we use the subscript 7 for the spatial location s;. Then, the empirical
shape trace-variogram is defined as

1

(3.4) Ven(h) = AN

> 10i(gi, %) = O5(a;.4)11%,

i,jEN(h)

where N (k) = {(ss,5;) | |si — 5j| € (h — ,h 4 €)} and (O;,4;) minimize (0,7) —
lldo — O(gi,7)|| for i = 1,...,n. To ensure that the estimated variogram is condition-
ally negative definite [5], we additionally fit a Matérn model (with a predetermined
smoothness) to Ven using ordinary least squares. The resulting Matérn fit is used in
subsequent analyses, and with a slight abuse in notation, will henceforth be denoted
by Vip.

3.2. Estimation of Spatially-weighted Average Shape. In (3.4), O;(q:, ;)
serves the role of a representative of the shape equivalence class [g;]. Given (OZ, i)
(i=1,...,n), the empirical shape trace-variogram (and the Matérn fit) is computed
once the estimator ¢y is prescribed. On the other hand, definition of the kriging
estimator gy requires using Vin. We now detail the issue and present an algorithm
that enables computation of V., while simultaneously allowing for the computation
of §o and (O;,%;) (i = 1,...,n) via registration to go.

For a given vector n = (n1,...,m,) € A = {& e R"| Y z; =1}, the
spatially-weighted average shape estimator, ¢y € [go], is defined as a minimizer of

(3.5) g Zmds([cJL [a:]),

which is directly available as

D i 0:0i(¢, %) .
> miOi(ai, %)

For clarity of exposition, for just this section, we make explicit the dependence of the
estimator ¢p on n and denote it by Go(n). Note that Go(n) is not a weighted sample
Karcher mean in a strict sense since some of the elements of 17 may be negative. On the

other hand, given the nuisance transformations (O;,%;) (i = 1,...,n), the coefficient
vector 7 is obtained by minimizing the expected shape prediction error functional:

(3.6) do =

(3.7) n = argmin E [||go(z) — Oo(q0,70) ] -

xTEA
If (0,%) (i =1,...,n) can be recovered exactly, the optimization problem in (3.7) is
equivalent to minimizing  — x " Vy,x, where Viy, = Vi, (hio) + Vsn(hoj) — Vsn(hij),
hij = |s; — s;| is the population shape trace-variogram in (3.3). Hence, under this
setting, the spatially-weighted average shape estimator depends only on the shape
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Algorithm 3.1 Spatially-weighted Average Shape

1: Input: sl,ql) s (8, qn); 80 € X

2: Output: qo; Vsh, n, O1(q1,%1), -+ Ol Am)-

3: Initialize k¥ = 1, ¢ > 0 (small), § > 0, d(()o) as g; where j = al{rgmin}|so — 54,

1€{1,...,n

12 > 0 (large).

while |2~V > ¢ do
Register each ¢; to c](()k) using (2.4) to obtain ng)(qi, ?yi(k)).
Compute V( ), using {O( )(qz, A(k))} and (3.4), and corresponding Matérn fit.
Estimate weight vector n*) using VS(: )

® N> T s

Compute deviation vector from c}'(()k) for each ng)(ql, &fk)). Zi = OAz(k (¢, fAyl(k))
~(/€)

9: Compute spatially-weighted average direction: z(¥) = 1 Zz 1 nl(k)

10:  Update: g5+ « giF) + 520
_(k+1) ~(k+1)
11:  Normalize: ¢, m
(k1) .

12:  Project § using Algorithm 18 in [26, Ch. 6] to ensure that closure condition
is satisfied.

13 Set k+ k+1.

14: end while

15: Register each g; to go using (2.4) to obtain Oi(qis %)

16: Compute Vi, using {O;(gi,4:)} and (3.4), and corresponding Matérn fit.

17: Estimate weight vector 1 using Vin.

trace-variogram V. In practice, the minimization problem is solved using the em-
pirical trace-variogram Vsh. This is also discussed in detail in [11] for functional data
with phase variation. A formal statement of this result is provided as Proposition 3.1;
the proof is included in Section 2 in the supplement.

PROPOSITION 3.1. Under the assumption that (O;,7;) can be estimated exactly
such that OA,»(qi,%) = 0;(¢i,7v:), the vector of coefficients n € A that minimizes
x — E [[|Go(x) — Oo(q0,70)||?] also minimizes & Vi, where the matriz Vg, € R™<"
is composed of elements Vop, = Vop(hio) + Ven(hoj) — Ven(hiz), hij = |si — 55| (4,5 =
1,...,n).

Remark. Evidently, the spatially-weighted average shape estimation problem
cannot be defined using a single cost function. Estimation of go(n) and (O;, ;)
(i=1,...,n)is only possible if the coefficient vector 7 is known. Similarly, estimation
of requ1res the empirical shape trace-variogram, which in turn depends on ¢y(n)
and (Oi, %) (i =1,...,n). Thus, as discussed next, we utilize an iterative algorithm
that alternates between the two optimization problems.

Unfortunately, exact recovery of rotation or reparameterization is difficult when
the observed curves exhibit complex noise; see [4,17] for more details in the case
of functional data with phase variation, which is similar to the shape setting we
consider. In addition, accurate estimation of these nuisance transformations depends
on accurate recovery of the underlying spatially-weighted average shape. We propose
an iterative procedure, detailed in Algorithm 3.1, which simultaneously estimates the
(i) spatially-weighted average shape, and (ii) the shape trace-variogram and associated
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F1G. 2. (a) Stmulated curves with spatially varying shapes. (b) Spatially-weighted average shape.
(¢) Empirical shape trace-variogram (black) and fitted Matérn model (blue).

vector of spatial weights 7. First, we initialize the shape average Go(n) as the SRVF
observed at a spatial location that is closest to sg. Empirically, we have found that the
final estimate of the spatially-weighted average shape is not sensitive to initialization
of Algorithm 3.1. We then iterate between the following steps until convergence: (i)
registration of the sample SRVFs {¢;} to the current shape average using (2.4), (ii)
estimation of the shape trace-variogram using (3.4) and corresponding Matérn fit,
(iii) computation of the ceofficient vector 1, and (iv) incremental update of the shape
average using weighted deviations from the current estimate.

Recall that, under independence, computation of the Karcher mean shape of the
sample SRVFs ¢,...,¢, (Section 2.3; Algorithm 2.1) uses equal weights for each
sample. Under spatial dependence, we estimate a spatially-weighted average, where
the weight (coefficient) for each sample is determined by the shape trace-variogram
Vin. In particular, spatial dependence among the shapes of {¢;} is incorporated

via the trace-variogram estimate at each iteration k, Vé(,f ), to determine the weight
vector n®). Thus, the algorithm performs spatially local registration of curves, with
respect to a spatially-weighted average, that results in their shape representatives.
Empirically, we have not observed any issues with convergence of Algorithm 3.1; we
leave the formal convergence analysis as future work. Section 3 in the supplement
presents convergence plots for a few simulated examples.

Figure 2 shows an example of estimation of a spatially-weighted average shape,
and the associated shape trace-variogram, using Algorithm 3.1. Simulated spatially-
indexed planar closed curves are shown in (a), where X = [0,4] x [0,4]; here, the
sample size is n = 100. Panel (b) displays the estimated spatially-weighted average
shape o at spatial location sg = (2,2). In (c), we show the final empirical shape
trace-variogram (black points) and the Matérn fit with smoothness equal to 0.5.

3.3. Spatially-weighted Covariance and PCA. In addition to estimating a
spatially-weighted average shape, we want to characterize and visualize shape varia-
tion in the sample. The vector 1 estimated by Algorithm 3.1 provides spatial weights
associated with shapes {¢ = Oi(qi, 4:)}, which can be used to incorporate the con-
tribution of each shape to the local variation around the spatially-weighted average
via a weighted covariance matrix.

As in Section 2.3, the weighted covariance matrix is computed on the tangent
space at the spatially-weighted average shape, Tj,(S). We project {g;} to T, (S) via
the inverse-exponential map, resulting in {v;}. At the implementation stage, each
v; is a 2 x T matrix, which is reshaped to a vector of size 2T, resulting in v}. The
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weighted covariance matrix is defined as

n
(3.8) K, = nf =Y milope; T e B2

i=1
In this definition, shape ¢; is assigned a weight of n|n;|. The reasoning behind this
weighting scheme is as follows. First, to ensure that the weighted covariance matrix
is non-negative definite we require each weight to be positive, but in practice, some
shapes may be assigned a small negative weight. Hence, we use the absolute value of
the weights. Second, scaling each 7; by n ensures that the weights sum to n, which
matches the unweighted scenario described in Section 2.3. One can alter the form
of the weighted covariance matrix to accommodate other weighting schemes, e.g.,
weights proportional to n?. As in the unweighted case, PCA is performed via SVD of
Kn, resulting in spatially-informed principal directions of variation and the variances
along each direction. Additionally, the overall spatially-weighted shape variance can
be computed using the sum of the singular values of f(n.

3.4. Visualization of Spatial Shape Variation. In Section 5 that considers
real data, we first select an ROI within a histopathology image. Motivated by the
assumption of second-order stationarity and isotropy of the underlying shape random
field, which is more reasonable on a smaller spatial domain, we further partition
this region into disjoint, equally sized subregions. The size/number of subregions
is user and application specific. Spatially-informed summarization of cell nucleus
shapes is then performed independently within each subregion. We first compute
a spatially-weighted average shape for each subregion. Because these averages are
computed independently across subregions, they may exhibit nuisance rotation and
reparameterization variation. Thus, we additionally optimally register them with
respect to their shape Karcher mean (Algorithm 2.1); while this step is not necessary
it allows for easier interpretation of the local shape summaries. We then estimate
the weighted covariance matrix and perform PCA. Instead of visualizing deformation
paths along each principal direction, we instead display the deformation vector field
associated with each direction, and its pointwise magnitude, on the spatially-weighted
average. This provides concise displays of spatially-informed shape variation in each
subregion.

Let Uy (reshaped to a matrix of size 2 x T') and X denote the kth spatially-
weighted principal direction of shape variation and the variance along this direction,
respectively, resulting from SVD of K,,. We compute gi = expg, (V2kkUs), i.e., the
SRVF that is one standard deviation away from the spatially-weighted shape average
Go along the kth direction. Next, we invert both ¢y and q,i resulting in By = Q (o)
and B,ﬁ = Q_l(qi), respectively. Since the inverse mapping is only determined up to a
translation, we additionally center them such that their centroids are at the origin in
R?. Then, the vector field is defined as 8} — o, i.e., the difference between the centered
shapes; for display purposes and easy interpretation, the vector field is normalized. In
addition, we compute the magnitude of the resulting vector field at each point along
the domain: |8} (t) — fo(t)| ¥V t € S'. The vector field and its pointwise magnitude are
finally displayed on the estimated spatially-weighted average shape Bo.

4. Simulation Studies. We evaluate the proposed spatially-informed approach
for summarization of shape variation using two simulation studies. In the first, we

show that if the underlying shapes are indeed correlated in space, then the spatially-
weighted shape average is a more accurate estimate of the underlying ground truth
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shape average than the Karcher mean shape. In the second, we provide qualita-
tive and quantitative comparisons of spatially-weighted shape variation and variation
computed under the assumption of independence.

In both simulations, we generate dependent shapes as follows. We first define
the spatial domain X = [0, D] x [0, D] and sample n spatial locations uniformly
over this domain. We generate spatially correlated shapes at the sampled locations
using the Fourier basis functions {cos(lt), sin(lt), | = 0,1,2, t € [—m,7|}. Letting
{bj, j=1,...,6} denote the basis functions, the radial distance as a function of the
angle for shape 7 is defined as Q;(¢t) = E?Zl vi;bi(t), where {v;;, it =1,...,n, j =
1,...,6} are Fourier coefficients. Each shape is obtained by transforming the radial
distances to Cartesian coordinates (x;(t) = Q%(t) cos(t), y;(t) = Q%(t)sin(t)), where
QL) = Qi (1) + |mtinQi(t)\ + \m?in(tﬂ is an adjusted radial function that ensures that
the resulting shapes are non-self-intersecting. Spatial dependence between the shapes
is imposed using the Fourier coeflicients v;;. Given a mean vector for the coefficients,
m = (my,...,mg) ', we independently sample them for each j from the multivariate
normal distribution, MVN(m, 1.}, Cpnat), where 1] is an n-dimensional vector of ones,
and C),q¢ s the Matérn covariance. The Matérn covariance has three parameters. In
all simulations, we fix the scale parameter to 1 and the smoothness parameter to 0.5.
The range parameter will depend on the simulation setting.

We further add nuisance variation to the simulated shapes. We generate random
rescalings ¢; independently from the Unif(0.2, 0.6) distribution. Random rotations are
represented by angles ¢;, which are sampled independently from the Unif(0, 27) distri-
bution. The resulting spatially dependent shapes, with additional random rotations
and rescalings, are given by 5;(t) = (x}(t) = c¢;[xi(t) cos(¢:) — yi(t) sin(¢;)], vi(t) =
ci[zi(t) sin(e;) + yi(t) cos(¢)]-

4.1. Comparison of Spatially-weighted Shape Average and Karcher
Mean Shape. We set the spatial domain to X = [0,2] x [0, 2] and sample a mean
Fourier coefficient vector m = (my,...,mg) from MVN(0] ,31s), where 04 is a six-
dimensional vector of zeros and Ig is the 6 x 6 identity matrix. We use m to define
the radial distance function for the ground truth mean shape, defined at sy = (1, 1),
and transform to Cartesian coordinates resulting in 34 and its SRVF g4:. We set the
sample size to n = 50 and generate spatially dependent shapes as described earlier.
We consider three settings for the range parameter in the Matérn covariance: 2, 1 and
0.5. We then use the generated data to estimate the Karcher mean shape (i, (under
assumption of independence) using Algorithm 2.1, and the spatially-weighted shape
average (o using Algorithm 3.1 with so = (1,1). Accuracy of estimation is assessed
using the shape distance ds([gg:], [f4g]) (defined in (2.4)) for the Karcher mean and
ds([ggt], [do]) for the spatially-weighted average. We repeat this process 100 times.

Table 1 reports the means and standard deviations of the resulting estimation
errors. On average, for all values of the range parameter, the spatially-weighted
shape average is more similar to the ground truth than the Karcher mean shape; the
standard deviations of estimation errors are also smaller for the spatially-weighted
average shape. Further, the spatially-weighted shape average becomes more accurate
in estimating the underlying ground truth shape when the range parameter in the
data generating process decreases. We also repeated this simulation for n = 100 and
n = 200 (see Section 4 in the supplement for results). In all cases, the spatially-
weighted shape average was more accurate in estimating the ground truth shape.
However, the trend of increasing accuracy as the range parameter decreased is not as
clear in those settings. This is likely due to the data generating process, which results
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Range Method Mean SD

Proposed 0.0947 0.0361
Karcher Mean 0.1118  0.0488

Proposed 0.0982 0.0372
Karcher Mean 0.1099 0.0521

Proposed 0.1035 0.0426
Karcher Mean 0.1075  0.0447
TABLE 1

Means and standard deviations (SDs) of estimation errors for the spatially-weighted average
shape and the Karcher mean shape across 100 replicates.

0.5

0 o/ ol e o
2 8 4 0 02 04 06 08 1 12 0 02 04 06 08 1 12 0 02 04 06 08 1 12 0 02 04 06 08 1 12

(a) (b) 50 = (1,1) (c) s0 = (1,3) (d) s0=(3,1) (e) s0=(3,3)

Fic. 3. (a) Simulated spatially dependent shapes. (b)-(e) Empirical shape trace-variograms
(black points) and fitted Matérn models (blue curve) for subregions X1-Xa, respectively.

in more shape heterogeneity with increasing n. This simulation illustrates the benefit
of incorporating spatial shape dependence through the shape trace-variogram when
summarizing spatially correlated shape data.

4.2. Comparison of Independent and Spatially-weighted Shape Varia-
tion. In this simulation, we fix the spatial domain to X = [0, 4] x [0,4]. To generate
n = 200 spatially correlated shapes, we use m = Og and a range of 2 in the Matérn
covariance. To reflect the summarization procedure that will be used for histopathol-
ogy images, we further partition the spatial domain into four subregions, defined as
X1 =10,2] x [0,2], X2 = [0,2] x [2,4], X5 = [2,4] x [0,2] and X, = [2,4] x [2,4],
and perform local summarization based on data within each subregion. For spatially-
informed summarization, the location s is chosen as (1,1), (1,3), (3,1) and (3, 3) for
each subregion, respectively.

The data is shown in Figure 3(a). In Figure 3(b)-(e), we show the estimated
shape trace-variograms within each subregion obtained via Algorithm 3.1. The em-
pirical variogram is shown as black points with the Matérn model fit, with smoothness
parameter of 0.5, in blue. Based on the structure of these trace-variograms, it is clear
that the shapes within each subregion are spatially dependent, i.e., there is less vari-
ation at smaller spatial distance lags; this is especially clear in regions X; and X,
(panels (b) and (c)).

Figure 4 compares local spatially-informed shape summarization (panel (a)), as
described in Section 3, to local summarization under independence (panel (b)), as
described in Section 2.3. The columns show variation along the first two principal
directions of shape variation. First, there is a clear difference in the estimated average
shapes across the four subregions. The spatially-weighted shape averages appear to
have more geometric features than the Karcher mean shapes, especially in subregions
X, and X5. Second, the estimated patterns of variation are markedly different across
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F1G. 4. (a) Spatially-informed summarization of shape variation. (b) Summarization of shape
variation under independence. Columns correspond to the first and second principal directions of
shape variation. We show variation as a vector field (top row), and its pointwise magnitude (bottom
row), on the estimated average.

0.2 0.2 0.2 0.2

Fic. 5. Cumulative explained variance as a function of the number of PCs based on spatially-
weighted PCA (blue) and unweighted PCA (red) for subregions (a) X1, (b) X2, (c) X3, and (d) Xa.

the two summarization approaches as evident through the vector fields (top row)
and their pointwise magnitudes (bottom row). Finally, PCA carried out using the
spatially-weighted covariance captures primary variation more efficiently than PCA
carried out on the covariance matrix computed without spatial weighting. In partic-
ular, for regions X1-Xy4, 7, 5, 7 and 5 spatially-weighted PCs explain at least 95% of
shape variation, respectively. For unweighted PCA, in the same four subregions, 14,
14, 13 and 12 shape PCs are needed to explain at least 95% of the variation. This
trend is consistent for other variation thresholds as seen in Figure 5. For all four
subregions, the blue cumulative explained variance curve, corresponding to spatially-
weighted PCA, is above the red one, which corresponds to unweighted PCA.

5. Application to Histopathology Images. We apply our framework to cell
nucleus outlines extracted from whole slide images (WSIs) of breast cancer tissue. The
images were obtained from the TiGER challenge [30], which focused on HER2-positive
and triple-negative breast cancers; both types are linked to notably poor prognosis.
We first selected two images from this database; these are shown in Figure 6(a),
where the tumor tissue is outlined in black. For each image, we selected two ROIs
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(a) (b) (c)

F1c. 6. (a) Breast cancer tissue images; tumor outlined in black. (b)&(c) Cell nucleus outlines
i ROIs (red squares) from (a); subregions are denoted by red dashed lines. The two subregions
highlighted in green in the bottom row in (b) are visualized in more detail in Figure 9(a).

within tumor tissue, shown as red squares in (a). Using QuPath [1], we segmented cell
nucleus outlines from these ROIs. The extracted outlines are displayed in (b) and (c)
for each of the two images and ROIs. Each ROI was subsequently partitioned into 25
equally sized subregions for local spatially-informed summarization and visualization
of cell nucleus shape variation. The two subregions highlighted in green in the bottom
row of Figure 6(b) are displayed in more detail in Figure 9(a).

The empirical shape trace-variograms within each subregion exhibited structure
that led us to fit a Matérn model with a smoothness parameter of 0.2. Depending
on the application and spatial dependence pattern, the smoothness parameter should
be tuned to obtain a satisfactory Matérn fit to the empirical shape trace-variogram.
However, as we show in Section 4 in the supplement, spatially-informed summarization
is not sensitive to the choice of the smoothness parameter, or the density of cell nucleus
shapes in a fixed spatial subregion. Figures 7 and 8 show the resulting local spatially-
informed summarizations of cell nucleus shape variation. We display the first principal
direction of shape variation in Figure 7; the second direction is shown in Figure 8.
Panels (a)-(d) consider the ROIs shown in the top row of Figure 6(b)&(c) and bottom
row of Figure 6(b)&(c), respectively. The results highlighted in green in the top row
of Figure 7(c) are shown in more detail in Figure 9(b). Clearly, the spatially-weighted
shape averages can be quite different across subregions within the same ROI, i.e.,
there appears to be quite a bit of spatial cell nucleus shape heterogeneity. This is also
true for the principal directions of shape variation. Certain subregions exhibit much
less variation than others. The proposed visualizations represent practical exploratory
tools for clinicians to assess cell nucleus shape variation in histopathology images. In

This manuscript is for review purposes only.



SPATIAL SHAPE ANALYSIS OF CELL NUCLEI 17

77777777 oo | 9600 i i ey
GO B00 @G G
o 80 0GCO e OO
& 0 Q0O "GO E O
””””” [ B | | | |
QB G DH |0 @YD
e 0 3008 Ju@@ & EF
2.05 2.1 2.15 1.2 1.25 1.3
«10% x10*
Gt NY Ll WG
0 0008 O e 0 DO G e
720011033Q03,\/ 0.03 Zzzz e .7 C '/ [10-02
7000[ Q' D i O 0 i C 0.02 BBOO;C,,S,),,{[,,Q,,Q, 0.01
GBOOL?, Lc i Q QJ g 0.01 sa00| (3 : G 0 ¢
00505 21 215 12 125 13
4 4
(a) Top of Figurex61€b) (b) Top of Figurexé?c)
x10* x10*

= G929 |..0006d

& & QU

1.52 2.56 \

15:1,@,3 ,,,,,,, {:'é ? 2.54 @ i

~ | o T T T e T gl

1w @ G GEE |22 G DO Y

2.7 2.75 2.8 1.32 1.36 1.4 1.44

x10* x10%

1 GﬁXpr 7777777777777777 264.X104 . . . B 0.05
[ | | | " ~ | | |
158LQ”QWQJ '?101 0.05 262-0 v 1(’] 01‘91

AT A ' AN AT A Fo0s
156 @ (J 0'\70 0.04 26;@ 630_03\93

1-54§\3' @ 036‘563 003 |28 © @‘E.G -:--E‘ﬂi 008

l AT 2.56 N, 002
PRI A ol A ROT Y

~ < | | X . (P ] | 0.01
148 & @ \’IJs.ol i 7 los S D &g
27 275 28 132 136 14 144
x10* x10*

(c¢) Bottom of Figure 6(b) (d) Bottom of Figure 6(c)

Fic. 7. Spatially-informed summarization of cell nucleus shape variation. Columns correspond
to the first principal direction of shape variation for ROIs in top and bottom rows of Figure 6(b)€(c).
We show variation as a vector field (top), and its pointwise magnitude (bottom), on the spatially-
weighted average shape. The two results highlighted in green in the top Tow in (c) are visualized in
more detail in Figure 9(b).
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Fic. 8. Spatially-informed summarization of cell nucleus shape variation. Columns correspond
to the second principal direction of shape wvariation for ROIs in top and bottom rows of Figure
6(b)&(c). We show variation as a vector field (top), and its pointwise magnitude (bottom), on the
spatially-informed average shape.

particular, the estimated averages and principal directions of variation can be used to
identify heterogeneous tissue properties within different ROIs. Importantly, in future
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F1G. 9. (a) Zoomed-in visualizations of the subregions highlighted in green in the bottom row of
Figure 6(b). (b) Detailed visualizations of the corresponding spatially-weighted shape averages with
the first principal directions of shape variation shown as vector fields.
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F1G. 10. (a) Bozplots of the number of PCs required to explain at least 95% of the total shape
variance across 100 tumor tissue subregions. Left: Spatially-weighted PCA. Right: Unweighted
PCA. (b) Cumulative explained variance as a function of the number of PCs, aggregated over the
same 100 tumor tissue subregions: spatially-weighted in blue and unweighted in red.

studies, such summaries along with further visual aides can be used to characterize
subtypes and severity of tumors. Additional results on real data for different ROIs
are provided in Section 5 in the supplement.

Comparison of spatially-weighted PCA and unweighted PCA. We next
compare efficiency of spatially-weighted PCA and unweighted PCA, in terms of cap-
turing cell nucleus shape variation, based on all 100 subregions (four ROIs shown
in Figure 6, each split into 25 subregions). Within each subregion, we carried out
spatially-weighted PCA and unweighted PCA. Figure 10(a) presents boxplots of the
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Fic. 11. Ilustration of two randomly sampled regions within (a) normal and (b) tumor tissues.
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Fi1Gc. 12. Bozplots of spatially-weighted variance of cell nucleus shapes within ten randomly
sampled normal and tumor tissue regions of the same size.

number of PCs required by spatially-weighted PCA (left) and unweighted PCA (right)
to capture at least 95% of total shape variation. The proposed method consistently
requires fewer PCs to reach the 95% threshold, indicating a more compact representa-
tion of shape variability. For 89 of the subregions, spatially-weighted PCA resulted in
fewer PCs required to capture at least 95% of the variation; for six of the subregions,
both PCA approaches resulted in an equal number of PCs required to capture at least
95% of the variation.

Figure 10(b) further displays cumulative explained variance curves (as boxplots)
aggregated across the 100 subregions for both methods (spatially-weighted in blue
and unweighted in red). The boxplots corresponding to the proposed approach rise
more rapidly as a function of the number of PCs compared to unweighted PCA. This
demonstrates that spatial weighting results in a larger proportion of shape variability
being captured by the leading PCs. Together, these results show that the spatially-
weighted covariance is more efficient in capturing shape variation than the unweighted
one, and thus has the potential to provide clearer insight into regional cell nucleus
shape heterogeneity.

Comparison of cell nucleus shape heterogeneity within tumor and nor-
mal tissue regions. Clinically, it is well known that tumor cells are more variable
than healthy cells due to their rapid proliferation and mutation. To confirm this,
we use the proposed spatially-informed summarization framework to compare overall
shape variation across different regions sampled within tumor and normal tissues.
In particular, we randomly sampled ten small regions within tumor tissue and ten
size matched regions within normal tissue; see Figure 11 for a visualization of some
of the sampled regions. We then computed the total spatially-weighted shape vari-
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ance in each of the regions. Figure 12 displays boxplots of the variances. It is clear
that spatially-weighted cell nucleus shape variation is larger in tumor tissue than in
normal tissue. The average variance within tumor regions is 10.25, whereas the aver-
age variance within normal regions is 8.36. This shows that, as expected, cell nuclei
exhibit substantially greater morphological heterogeneity within the tumor as com-
pared to normal tissue, which provides quantitative support for increased structural
heterogeneity in tumor microenvironments.

6. Discussion and Future Work. We introduced a novel framework for local
spatially-informed summarization and visualization of planar curve shapes. By lever-
aging tools from elastic shape analysis and incorporating spatial dependence via a
shape trace-variogram, the method estimates a spatially-weighted shape average and
covariance matrix, which can be used to explore spatially-informed shape variation via
PCA. Our approach addresses limitations of traditional global summaries by account-
ing for spatial correlation among shapes, which is especially pertinent in assessing
heterogeneity of cell nucleus shapes in histopathology images in the context of cancer.
Simulation studies demonstrate that the spatially-weighted shape average is a more
accurate estimator of a ground truth shape average than the conventional Karcher
mean shape when observed shapes exhibit spatial dependence. Further, spatially-
weighted PCA is more efficient in capturing primary modes of shape variation.

We have identified a few directions for future work. First, the natural next step
is to generalize the proposed framework to the case of 3D shapes. In many medical
imaging applications, the outlines of structures of interest are surfaces rather than
curves. Thus, we will define an appropriate analogue of the shape trace-variogram for
the case of surfaces; a key aspect of this is to determine how to account for all relevant
nuisance transformations. Additionally, we will develop novel visualization techniques
for summaries of shape variation in this case. This advance can significantly broaden
the framework’s applicability, particularly in fields where 3D morphological analysis
is critical.

Second, the current approach relies on the assumption of isotropy, i.e., that spa-
tial dependence is uniform in every direction. However, in many practical scenarios,
strength of spatial correlation may not be isotropic. We will explore new models
to account for directional dependence, potentially leading to better estimates of the
spatially-weighted shape average and associated shape variation.

Third, the proposed framework provides point estimates for the spatially-weighted
shape average and PCA. In many contexts, uncertainty associated with these esti-
mates is also of interest. While a bootstrap procedure can be utilized to quantify
uncertainty in the independent case, it does not apply in the current setting. Thus,
we will explore alternative approaches to assess uncertainty when shape data are
spatially dependent.

Finally, to translate this framework into clinical practice, we will study the cor-
relation between the spatially-informed shape summaries and clinical outcomes, e.g.,
tumor grade or survival, to evaluate how well these shape summaries perform as
biomarkers in the clinical setting, potentially improving personalized treatment plan-
ning and disease monitoring. In particular, breast cancer grading is based on the
Nottingham Histopathology Grading system, which includes nuclear pleomorphism
as a key component. Nuclear pleomorphism refers to variation in the size, shape
and appearance of cell nuclei. As such, the presented methodology can be used to
objectively quantify nuclear pleomorphism to aid in tumor grading. Currently, most
studies use a potentially small number of shape features to quantify morphological
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irregularity of cell nuclei; see, e.g., [29]. However, this can result in significant loss
of information, and thus provide misleading results. In contrast, the proposed frame-
work offers spatially-weighted measures of variation estimated from the full geometric
shape of cell nuclei.
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